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Abstract: In this paper, we prove global well-posedness for low regularity 
data for the one dimensional quintic defocusing nonlinear Schrodinger equa- 
tion. We show that a unique solution exists for uq € H S (R,), s > Jr. This 
improves the result in [13], which proved global well-posedness for s > |. 
The main new argument is that we obtain almost Morawetz estimates with 
improved error. 



1 Introduction 

In this paper we study the initial value problem for the quintic, defocusing, 
nonlinear Schrodinger equation in one dimension, 

iu t + An = |n| 4 n, 

n(0,x) = n G H S (R). 

This is an L 2 -critical equation. By the results of [3J, this equation has a 
local solution on some [0, T], r(||no||H s (R)) > 0; when s > 0. If a solution 
to (jl.ip fails to be global and only exists on [0, T*), T* < oo, then 

lim \\u(t)\\ H s {R) = oo. (1.2) 

[3] proved 

M(u(t))= / \u(t,x)\ 2 dx = M(n(0)), (1.3) 



E(u(t)) 



Vu(t,x)\ 2 dx + - / \u(t,x)fdx = E(u(0)), 



(1.4) 



are conserved, giving global well-posedness for no G i? 1 (R). The regularity 
necessary for global well-posedness has since been loweredto s > 1/3, (see 
|13j). In this paper we will prove 

Theorem 1.1 (| 1. 1\ is globally well-posed for all uq G H s (R), s > Jj. 
Moreover, 

sup \\u(t)\\ H s (R) <(l + T)&^ + . (1.5) 
te[o,T] 

|13j used the I-method, a method that we will utilize in this paper as well. 
The I-method was first introduced for the defocusing, cubic initial value 
problem (see [7]). 

In §2, we will start with some preliminary information, including the Strichartz 
estimates, Littlewood-Paley theory, a description of the I-method, and a lo- 
cal well-posedness result. In §3, an energy increment will be obtained. In 
§4, the almost Morawetz estimates will be proved. In §5, we will prove the 
theorem. 

2 Local Well-posedness 

The proof of local well-posedness makes use of the Strichartz estimates. 

Theorem 2.1 A pair (p,q) is called an admissible pair 
(p, q) and {p, q) are admissible pairs and and u(t, x) solves 

iu t + Au = F(t), 
u(0,x)=u o , 

then 

IKM)ll£f£«(jx:R) ^ IKIk 2 (R) + ll^(*)ll L |' 4' (JxR) - ( 2 - 2 ) 

Proof: See [23]. p' denotes the Lebesgue exponent 
The Strichartz space will be defined by the norm 

IMIs°(JxR) = SUp ||«||ifi«(JxR)- ( 2 - 3 ) 

(p,q) admissible 
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The space N°(J x R) is the dual space to S°(J x R). See [23J for more 
details. 

We will also make use of the Littlewood-Paley decomposition. Suppose 4>{x) 
is a smooth function, 



(2.4) 



1, \x\ < 1/2; 
0, jxj > 1. 

T{P< N u)=<j ) {^)u{0, 

F{P >N u) = {l-^))u{t), ( 2 - 5 ) 
F{Pnu) = P<nu — P < n_u. 
For convenience, let = Pnu, similarly for u<at, u>at. 

The I - operator is a Fourier multiplier, 

I N :H S {R)^H\R), (2.6) 

bTm = rn N (0f($, (2.7) 



m N (0 = < (Ny-i } \£\ >2 N. (2 - 



1, \(\<N; 

N 

II^IIhi(R) ~ Nl ~'\\ u \\H'(B.)i 
\\ u \\h°(R) i$ ll-Hlff^R), 

therefore, controlling E(Iu{t)) gives control of ||w(i)ll.ff a (R)- For the rest of 
the paper, If denotes InJ, and the presence of an N is implied. 



(2.9) 



Lemma 2.2 Let I be a compact time interval, to £ I , N > 0, and suppose 
u\, U2 are two solutions to (jff.ffl) such that Uj(t) has Fourier support in the 
region {|£j| < N} for j = 1,2. Suppose also that the Fourier supports of 
ui,U2 are separated by at least > cN. Then for any q > 2, 

||«l«2||z,« i(B (JxR) ~ Nl ~ 3/q \\ u l\\s°(IxR)h2\\s°(IxR)i ( 2 - 1 0) 

where 
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u 



Proof: See [22]. 



IsS(/xR) = ll n ollL2(R) + ||(*3t + A)u|| L 6/5 (/xR) . (2.11) 



To this end, let q = 2 + 5, | = | — ^pj- 

In proving theorem ll.H we will make use of a linear-nonlinear decomposition. 
See |19j for the linear-nonlinear decomposition for the defocusing, semilinear 
wave equation, [T5] for the linear-nonlinear decomposition used for the three 
dimensional cubic defocusing nonlinear Schrodinger equation. 



Theorem 2.3 // 

\\VIu \\ L 2 {R) < 1 (2.12) 
and for some e > sufficiently small, 



then 



ll(V)Jn|| 5 o (JxR) <l. (2.14) 
Moreover, the solution has the form 



e itA u + u nl (t) J (2.15) 



nly ' 



\\P>cN(V)Iu nt \\ s0i j xK) < (2.16) 
Proof: The solution obeys the Duhamel formula, 



Iu(t,x) = e itA u + I ^-^/(Kr)! 4 ^))^. (2.17) 
By the Strichartz estimates, 



o 



^ - 'HI L «/3 L s (JxR) < ^ll(V)/n|| 5 o (JxR) , (2.18) 
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IKv>i«||sb(jxr) % IKV)/«o||l8(r) + IKv)/n|| s o (JxR) ||u|^ 16/ 3 Lg(jxR) 

(2.19) 

< ll(V)/u|| s o (JxR) < |KV)/no|| L2(R) +||(V)/n|| 5 o (JxR) (6 4 + N * (JxR) ). 

(2.20) 

Therefore, by the continuity method, 

||(V)/u|| s o (JxR) <1. (2.21) 
This takes care of (|2.14p . Next, we remark that this also proves 

||(V)/(|n| 4 n)|| L s/s (JxR) < |KV)/u|||o (JxR) < I- (2.22) 
To estimate the nonlinearity, 

VIu nl {t)= f Ve^- T)A I{\u{T)\ A u{r))dT. (2.23) 
J o 

/(|n(r)|Mr))=/(|n < ^(r)| 4 U< ^(r))+/(0((n <£i v(r)) 4 (n > ^(r)))) 

— 10 — 10 — 100 10 

+ I(0((u >£K (r))(u >£ N(T))u(rf)). 

10 100 

(2.24) 

The first term, I(\u <£ n_ (t)| 4 u < cjv (t)) is supported on |£| < To estimate 
the second term, use the bilinear estimates, 

l|Vi'(0(it > ^:(u<^) 4 ))|| £ i z a ( j )cR) 

< IKV/tt^oJV )(u^ cN )\\ Tl \\u^cn\\tP lilt- cN II r4roo S, -, , n ■ 

~ IIV >T0 A <Too ; " L t^" <Too ML *.*" <Too" L i L " ~ ATl/2- 

Finally, 

||V/(0((n >lf (r))(n >fi (r))n(r) 3 ))|| i i L , (JxR) 
< l|V/u||^« ( ., xR) K*v ll it i6/3 i|(JxR) lhlliw3 L|(JxR) 

<^ll(V)/n|||o (JxR) <^. 
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The last estimate follows from 



100 -i 



1 1 (2-25) 

< ||(V)/u|| S o (JxR) 2^ N s N l-s ~ ]ylK V )-Hls°(JxR)- 

100 - JV J 

□ 

3 Energy Increment 

In this section we prove almost conservation of the modified energy E{Iu{t)). 
Theorem 3.1 Let 

1 A,-. ,. M2 , 1 



E(Iu(t)) = -J \VIu(t,x)\ z dx + - J \Iu(t,x)\ b dx. (3.1) 

If J is an interval where a solution u(t,x) of exists, IMI^is/s^g,^^ < 
e, E{Iuq) < I, then 

tl TeJ miU{tl)) " JB(/U(t2))l ~ J^\\ P >^ VIU \\liL T{ J^) + ^ 

(3.2) 

where c > is some small constant. 
Proof: 

d 



dt E(Iu(t)) = ReJ (Iu t (t,x))[I(\u(t,x)\ 4 u(t,x)) - \Iu(t,x)\ 4 Iu(t,x)]dx. 

(3.3) 

Taking the Fourier transform, let E = {£i + ... + ^6 = 0}, d£ is the Lebesgue 
measure on the hyperplane, using the fact that 

Iu t = iIAu-iI(\u\ 4 u), (3.4) 
d TPfT u\\ _.. u f c\c V^u c \\n ™(6 + - + 6>) I 



jE{Iu{t)) = -Re J (i\i x \ 2 Iu(t,ix))[l 



ro(£ 2 )m(&) ■ ■ ■ m(&) (3.5) 
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Re / (iJ(M%)(t,£i))[l 



m(6 + ... + &) 



^(6)^(6) • • -m^e) (3.6) 

x hi{t, &)Mt, 



We will estimate (|3.5p and (|3.6p separately by making a Littlewood-Paley 
decomposition and consider several cases separately. Without loss of gener- 
ality let N 2 > N 3 > N 4 > N 5 > N 6 . 

The term ([33]) : 

When estimating this term, we will frequently use the bilinear estimate 
Case 1, N 2 << N: In this case, m(£i) = 1, so 

1- m (6 + - + 6) gft {3 . 7) 

Case 2, iV2 > iV >> ./V3: By the fundamental theorem of calculus, 

m(& + ••• + &) , < N 3 . 
' m(6)---m(e 6 )'~iV2" 
Recall that g = 2 + <5,A = |-|. iVi ~ 2V 2 , so 

E E ^IK^iV/u)^,^)!!^ 

N<N!~N 2 N 6 <N 5 <N 4 <N 3 «N 2 



) v " 1 / 2 + 1 1 1 

< ^ IIL- 1 J _< 1 



N 5/2- /JVg) (AM (AT 5 ) 1 /2-(AT \l/2- ~ 
N<N!~N 2 N 6 <N 5 <N 4 <N 3 «N ly 2 X 61 V 4/X 5/ X b/ 

Case 3, A^ > A3 > A^ >> A^: In this case, estimate the multiplier by 

m(fr) m(ft) (3g) 

m(£ 2 )m(£ 3 ) ~ m(£ 2 )m(£ 3 ) 
Consider three subcases separately. 
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Case 3(a), N 3 « Ni ~ N 2 : 

E E wkytii^^)^^)!!,? 

N<N 3 <N 1 ^N 2 N 6 <N 5 <N 4 «N y a ' 

||(P^VJu)(P J v 4 /u)|| i? J|P A r 5 /«|| L?i J|Piv 6 /«||^ 



y y 1 <J_ 



Case 3(b), N Y « N 2 ~ iV 3 : 

E E Mvgyt 11 '^^'^^' 11 ^ 

N<N 2 ~N 3 N 6 <N 5 <N 4 «N,N 1 «N 2 y A > y 61 

||(P^3Ju)(P^ 4 /u)|| i?i J|Pv 5 /«|| i? J|Piv 6 ^|| iL 

1 1 A^fiV 1 - 5 



< 



E E 



N 1/2 ~N 1/2 ~ N^N 1 -* N^N 1 -* 



N<N 3 <N 1 ^N 2 N 6 <N 5 <N 4 «N JV 1 JV 2 

1 < 1 



Case 3(c,), iVi ~ N 2 ~ AT 3 ; In this case, 

m(iVi) 1 



m(N 2 )m(N 3 ) m(N 3 )' 

II C^Vl y- 11 4 / WLi^ x 



E E ^ii(Piv 1 v^)(p J v 4 /n)ii L , 



n<n!~n2~n 3 n 6 <n 5 <n 4 «n 
\\Pn 2 ^Iu\\ L 4 Lt \\Pn s Iu\\ L 4 LT \\P n Ju\\ l ^ L 2\\P N( .Iu\\ l p^ 
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~ E 1/2- 1 ; \\ P N2^Iu\\ L 4 L?1 \\P N3 VIu\\ L 4 LT 



N<N 2 ~N 3 JV 2 JV JV 3 
1 



Case 4, N 2 > N 3 > iV 4 > iV: 
Case 4( a )> N\ ~ N 2 : In this case 



< 



m(€ 2 ) ■ ■ ■ mfe) ~ m(^ 3 ) • • • m(^ 6 ) ' 

E E ^II^V^ILeJIP^V/nll^ 

N<N!~N 2 N 6 <N 6 <N 4 <N 3 2 

x II-PjVs^IIl^ II-P^^IIl^ II^Wb^IIl^ H^We^Lf^ 



^ E E E ^ii^v/uii^ji^v/uii^ 

N<Ni ~7V 2 N<N 4 <N 3 N 6 <N 5 <N 

1 1 1 1^1 

x E 



n . . Va N^N 1 -* NiN 1 -* m(N 5 )N 5 m{N 6 )N 6 ~ iV 2 - ' 



Case 2, iVi << 7V 2 : In this case N 2 ~ AT 3 . 

E E I^i^v/^ii^v/^ 

N<N 2 ~N 3 N<N4;N 6 <N 5 <N 4 ;N 1 «N 2 ' 



\\ P N 3 ^LlJ\ P N 4 u\\ L 6j\P N5 u\\ L 6j\P N6 u\\ L 6 x 
< V- \ - iVi m(JVi) 1 1_ 

N<N 2 ~N 3 N<N 4 ;N 6 <N 5 <N 4 ;N 1 «N 2 V y d 4 

1 1 < 1 



iY 5 m(jV 5 ) A^ 6 m(iV 6 ) ~ N 2 ~ ' 



9 



This takes care of (|3.5p . 



The term (|3.6p : Recall that this is the 10- linear term 

Re j J il(\u\ 4 u)[l(\u\ 4 u) - \Iu\ A {Iu)]dxdt. (3.10) 

The term I(\u\ 4 u) poses a slight technical problem. Ideally, this term would 
be placed in L® x , and we would then repeat the analysis used in (|3,5|) . 
However, in general this is not possible, so instead let ui = P < n_u, Uh = 

— 30 

-R jv u, 

30 

F(t, x) = J(|«|%) - J(0«^)) - (3.11) 

where 0{u^u{) consists of those terms in \ui + u/j| 4 (u; + Uh) consisting of 
four Uh terms and one u\ term. 



\\F(t,x)\\ LfLs > {JxR) < ||(V)F(t,x)|| L 4 L i (JxR) 

< ||(V)/lt|| L 4 i? ( JxR )||^||^( J><R )||'u||^c» i 2(J xR ) < II(V)/U.||| (J XR) . 

(3-12) 

Now evaluate 



f [ F(t, m( .f\ + - }Iu(t, &)Iu(t, &)Iu(t, &)Iu(t, &)Iu(t, &), 
Jo 7s rn{&) ■ ■ ■ m{£ 6 ) 

(3.13) 

via a Littlewood - Paley partition of unity and considering several subcases 
separately. Without loss of generality, let N2 > N3 > ... > Nq. 

Case 1, N2 << N: Once again, m(£i) = 1, so 

l- m ^ + - + f«U o. (3.14) 
m(6)---m(e 6 ) 

Case 2, N2 > N >> N3: In this case, apply the fundamental theorem of 
calculus, 

m (fr + ...+&) < N 3 
' mfa)---mfay~ N 2 ' { ' ' 

2^ jr\\ P NiF\\ L f Lr{ j xR) \\PN 2 MLiL^(JxR) 

N<N 1 ^N 2 N 6 <N 5 <N 4 <N 3 «N 2 
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x ll^JVs^llif i,g°(J-xR.) II^^^H^igo^xR.) ll-FWs^llifiKJ-xR.) ll-FWe-fulUfiKJ'xR.) 
~ ^ ^ N 2 (N 4 ) (N 5 ) (JV 6 > ~ iV 2 - ' 

N<N!~N 2 N 6 <N 5 <N 4 <N 3 «N 2 X ' X ' X 7 

Case 3, iV2 > N% > iV In this case make the crude estimate 

11 + - + 1 f3161 

1 m(6)---m(e 6 ) l ~m(6)---m(e 6 )' 1 ' J 

^ ^ II^A r i^llL4L^(JxR)II^A r 2 U llL4L^(JxR)ll- P A r 3 U llLfLS°(JxR) 

N!<N 2 ,N<N3<N 2 N 6 <N 5 <N 4 <N 3 

x \\ P N 4 A L fL^(JxR)\\ P N,M\L^Ll(JxIi,)\\PN 6 u\\L^Ll(JxR) 

1 1 



E E 



< 

' ■ 7 • NgNi-'NgN 1 -' 



N l <N2,N<N 3 <N 2 N 6 <N 5 <N 4 <N 3 2 ' 
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(N 4 )m(N 4 ) (N 5 )m(N 5 ) (N 6 )m(N 6 ) ~ iV 2 - " 
It only remains to consider 



.Re y y (il(|u h | 4 u h ))[l(|u| 4 u) - \Iu\ A (Iu)]dxdt 
+ Re J q J H^luhl 4 ^ + 2\u h \ 2 u 2 h u!)[I(\u\ 4 u) - \Iu\ A {Iu)]dxdt. 



(3.17) 



To evaluate 

r-t 



Re I I (il(\u h \ 4 u h ))l(\u\*u)dxdt 



+i?e^ J il{3\u h \ 4 ui + 2\u h \ 2 u 2 h u!)l(\u\ 4 u)dxdt, 
it is necessary to take advantage of some cancellations. 



(3.18) 



t 

4 



Re J J(iI(\u h \*u h ))I(\u h \*u h )dxdt = 0. 
Re J il(3\u h \ 4 ui + 2\u h \ 2 u 2 h W)I(\u h \ 4 u h )dxdt 
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+Re J J iI(\u h \^u h ){3\u h \ 4 Ul + 2\u h \'uiul)dxdt = 0. 
It remains to evaluate 



J J I(\u h \ 4 u h )l{0(ufu 3 ))dxdt+ j J I{0{u A h ui))I{0(uiu 4 ))dxdt. (3.19) 
By (M), 

(JxR) 

<ll(V}/n||| 0(J 

xR)' 

SO 



I(\u h \ A u h )I(0(uW))dxdt < \\I(ufu 3 )\\ LtLT 

(JxR) °°(JxR 



'0 



)\\ u h\\L™L2(Jx-R) 
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Z^JWlu\\f 0{JxR) <± 



I{0(u 4 h ui))I(0{u lU 4 ))dxdt < || (V)I(u 4 h ui) || L 2 L i (JxR) ||/(u,u 4 ) \\ L 2 L i (JxR) 



~ IKV)/u|| iri 2 (JxR) ||n z |[ i c» (JxR) ||^|| i e^ UxR) ||^ 

< ^3ll(V)/n|| 5 o (JxR) < ^3. 
This takes care of (I3.18p . To finish estimating (|3. 17j) . 

Re J J(iJ(}u^\ I ^))(\Iu\ 4 (Iu)dxdt 
+i?e^ J il{3\u h \ 4 ui + 2|n h | 2 n2u7)(|/u| 4 (/u)dx^, ( 3 - 20 ) 

~ ll«h|ll« JJxR)ll u llLL( JxR )!l /U ll L L(^><R)ll /u llt(^><R) ~ JV4' 
and the proof of theorem 13.11 is complete. □ 
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4 Morawetz estimates 

Theorem 4.1 Let u be the solution to the nonlinear Schrddinger equation 
in one dimension, 

iu t + An = \u\ A u. (4.1) 

Then 



\\ Iu \\% x ([0,T]xR) ~ H^ n llL t °°ifi([0,T]xR)H' U o|lL2(R)+^ J^W^) Iu W^\J k xR)^ 

Jk 

(4.2) 

where [0, T] = U k J k . 



Proof: We start with the case 1=1. We will use the method found in [13] 
and [6j. Let u(t, z):RxR 4 ^C, 

Ld(t, z) = u(t, Xi)u(t, X2)u(t, xs)u{t, X4), (4-3) 
where u(t,x) is a solution to (jl.ip . Then u(t,z) obeys the equation 

4 

iuj t + A^ = (J] |«(t, x,) | 4 )oj(t, z) = A/". (4.4) 

i=l 

Next, define the interaction Morawetz quantity, 



M a (t)=2 d j a(z)Im(io{t,z)d j Lo{t,z))dz, (4.5) 
Jr 4 

following the convention that repeated indices are summed. Let 



T 0j (t, z) = 2Im(uj(t, z)dju(t, z)), (4.6) 
L jk {t, z) = -d jk (\u(t, z)\ 2 ) + ARe{d~^d k io)(t, z), (4.7) 
d t T 0j +d k L jh = 2{M,u}Y p . (4.8) 



dtdja(z)Im(uj(t, z)dju(t, z))dzdt (4.9) 
o J~R 4 



T 

JR 4 



d j a(z)d jkk (\io(t, z)\ 2 )dzdt (4.10) 
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JR 4 



+ 2 



dja(z)dkRe(djUjdkLo)(t, z)dzdt 



aj(z){N, uj}- 1 dzdt. 



(4.11) 
(4.12) 



Now, evaluate each term separately. Make a change of variables, y = Az, 
where 



(4.13) 







/ 


1 


1 


1 


1 


\ 


A = 


1 




1 


1 


-1 


-1 










2 




1 


-1 


1 


-1 








I 


-1 


1 


1 


-1 


/ 


is an orthonormal matrix 


with 


inverse 














/ 1 


1 


1 


-1 


\ 


A' 1 


1 




1 


1 


-1 


1 




~ 2 




1 


-1 


1 


1 










V i 


-1 


-1 


-1 





In the new variables, let a(y) = {y\ + y\ + y\) 1 ^ 2 , 

-AAa(y) = 47r5(y 2 , V3, y±)- 



o 
o 

V o ) 

Therefore, integrating (|4.10p by parts, 



yi 
yi 



(4.14) 



(4.15) 



fliTTOD = I [(-AAa(y))\uj(t,z)\ 2 dzdt = 8iT [ [ \u(t,x)\ s dxdt. (4.16) 
J o J Jo Jn 



djkd(z) is a positive semidefinite matrix, so integrating (|4.1ip by parts, 



4/ / (d jk a(z))Re(djUjd k uj){t,z) > 0. 
Jo Jr 4 



(4.17) 



Finally, for flUZD , 
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{AT, uY p (t, z) = -2\u(t, z)\ 2 d,C£ M*> ^)! 4 )- ( 4 - 18 ) 



i=i 



4 2 4 

Kt,z)| 2 ^(^|^,x 4 )| 4 ) = -^^(Kt,^oi 6 (inK^^)l 2 )) 5 

i=l j=l i^j 

so integrating (|4.12p by parts, 



T r 4 rT 



-2 J J a j (z){M,ioy p {t,z)dzdt = -J I ajjiz^Lafaz^lufaxj^dzdt^O. 
Therefore, 



,2,..,, Ml, 

(4.19) 



T r rT 



\u(t,x)\ dxdt < | / / dt(aj(z)Im[uj(t, z)dju(t, z)]dzdt\ 
/o Jr. Jo J ' (4.20) 

" l l u llL t °ci/i/2([o,T]xR)ll U °lli 2 (R)- 



Next, we prove an almost Morawetz estimate (see [5], |11| . |15j for the two 
dimensional case; [S], [12], [S] for discussion of the one dimensional case). 

If u(t,x) solves (|4.ip . then Iu(t,x) solves 

ilu t (t,x) + AIu(t,x) = I(\u(t,x)\ 4 u(t,x)) =M. (4.21) 
Split the nonlinearity into "good" and "bad" pieces, M = Af g + A/&. 

4 

A/" s = ^ |Ju(t,^)| 4 I«(t,^) []M^i). (4-22) 

i=l jjti 

4 

A4 = ^[ J (K*> V*> a*)) " IM*, a*)| 4 (M<> si))] n J«(i, Xj ). (4.23) 
i=i 

Let uj(t, z) = Iu(t, Xx)lu(t, X2)Iu(t, Xs)Iu(t, X4), performing the same anal- 
ysis will split 

nd t a,j(z)Toj(t, z)dzdt, 
_t. 4 
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into a sum of terms of the form (|4.10j) . (|4.11|) . and (|4.12j) . H N = Af g , then 
the previous analysis would carry over identically. Indeed, 



/ / (-AAa(z))\u(t,z)\ 2 dzdt = 8vr / [ \Iu(t,x)\ 8 dxdt. (4.24) 

4/ / (d jk a(z))Re(d]ud k u;)(t,z)dzdt>Q. (4.25) 
io Jr 4 



2 y J a j (z){J\fg,uy p (t,z)dzdt = ^ J J ajj (z)\uj(t, z)\ 2 \Iu(t, Xj )\ A dz > 0. 

(4.26) 

Therefore, 



[u(t,x)| 8 dxdi < ||/u|| L oo^i ([0iT]xR) ||no||[ 2(R) +[ / ^ aj(z){Af b , uj} 3 p {t, z)dz 

(4.27) 

To analyze the remainder A/&, first consider a term of the form 





aj(z)M,(t, z)dju(t, z)dzdt. (4.28) 

-'fc 

Recall (I4.23P , without loss of generality let i = 1 and estimate 



'Jh 



a,j(z)[I(\u(t, xi)\ A u(t, x\)) — \Iu(t, xi)| 4 /u(t, xi)]Iu(t, X2)Iu(t, xs)Iu(t, X4) 
x dj(Iu(t, xi)Iu(t, X2)Iu{t, xs)Iu(t, Xi))dxdt. 

(4.29) 

Because aj(z) € L°°, 

Mi < ^(^(^x)! 4 ^^,^))-!^^^)! 4 /^^,^)!!^^^^)!!^)/^!!^^^. 

(4.30) 

To evaluate 

I(\u(t, x)\ 4 u(t, x)) — \Iu(t,x)\ A Iu(t,x), 
make a Littlewood - Paley partition of unity. Let 
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p(t, o=[ [l- ^^-^ iMt, eo/tx(t, &)/«(*, e 3 )/«(t, e 5 

^=6+...+6 m(Ci)...m(&) 

(4-31) 

Without loss of generality, let Ni > iV2 > N3 > N4 > JV5. Consider several 
cases separately. 

Case 1: Ni << N In this case, 

. m(fr + ... + &), 



m(£i)...m(£ 5 ) 



0. 



Case 2: iVi > iV >> ./V2 In this case, by the fundamental theorem of 
calculus, 

ro(ft + ... + &) ■ < iV2 
' m(£i)...m(&) '~ ^1' 

L*L-(J fc xR) 

AT<iVi Nb<N 4 <N 3 <N2«N 1 

X II ^3 ( V)/U 1 1 L 4 L oo ( Jfc x R ) 1 1 Pn 4 ™ ( J fc x R) 1 1 P N 5 ( V) i« 1 1 L 4 LS c ( Jk x R) 

^^H(V)^llIo (JxR) . 
Case 3: N\ > N2 > N In this case, crudely estimate 
m(fr + ...+&) 1 ^ 1 



m(£i)...m(£ 5 ) 1 ~ m(N 1 )m(N 2 )m(N 3 )m(N4)m(N 5 y 

(H2H} < E ll p A r i n llL t 00 il(^xR)ll P/v 2 M H^^(^xR) 
N<N 2 <Ni 

x E ll P A r 3 U llL4L-(J fe xR)ll P A r 4 U llL4L^(J fc xR)ll- P A r 5 n llL4L^(j feX R) 

N 5 <N4,<N S <N 2 

< y _J L_ 

~ W- a N? N^'NS 

N<N 2 <N 1 1 2 
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£L m(N 3 )N 3 m{N A )N, m(N 5 )N 5 ^ Iu ^(J k ,K) 



x 

N 5 <N 4 <N 3 

1 



< jV^II<V)/*( JfcX R)- 



For a term of the form 



a j (z)(d j M b (t, z))u(t, z)dzdt, (4.32) 

'J k JR 4 

integrating by parts rewrites this term as a term of the form (|4.28|> plus a 
term of the form 



a jj( z )(Nb(t, z))u(t, z)dzdt. (4.33) 



By (|05D and the estimates on (jOT|) . 



IMMII^GfcxR*) £ ^ll(V}/n||| 0(JfcXR) . (4.34) 



Aa does not lie in L°°(R ), rather, 



1 

(yl + 2/i + 2/i) 1/2 ' 

Integrating 



(yl + vi + yl) 1 ' 2 

along the tube y\ + y\ + yf < 1, using (|4.15j) 



/«(£, xi)Iu(t, X2)Iu{t, x 3 )Iu(t, X4) 



00 



, r /. 2/1 + 2/2 + 2/3 - 2/4x,2, r /. 2/1 + 2/2 - 2/3 +2/4x,2 



■ r /. 2/1 - 2/2 + 2/3 +2/4s,2, r /. 2/1 -2/2 -2/3 -2/4 x,2, , , , 

x|Ju(i, )| \Iu[t, )| dy 1 dy 2 dy 3 dy 4 



< 



1 r 2 







-tdr)\\Iu\\l rL s {JkXR) < ||(V)/u||« 0(Jfe 



xR)' 



SO 

ll a ji(2/)^(^ 2/)llL t 00 L2(j fe xR 4 ) 
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On the other hand, when y\ + y\ + y\ > 1, djja(z) is bounded and 

|| Ju(t, xi)Iu(t, x 2 )Iu(t, x 3 )Iu(t, X 4 ) \\ L l L 2 {Jk xR 4) < || <V)/«|||o (Jjb)cR j. 

(4.36) 

Since 

||/(|u(t,Xi)| 4 u(t,Xl))-|/M(t,Xl)| 4 /u(t,Xl)|| L l L 2 (JxR) < J^WM Iu\\sO{J k X R). 

theorem 14. II is proved. 

5 Proof of Theorem 11.11 

Theorem 5.1 (| is globally well-posed for uq € H S (R), s > 
Proof: 

J \VIu (x)\ 2 dx < iV 2(1 - s) ||^o||^(R)- 

J |/n (x)| 6 dx<iV 2 - 6s || U o||^(R). 
If u(t,x) solves (jl.ip on [0, To], then rescaling, 



(5.1) 



solves (ll.lj) on [0, A 2 To], we will call the rescaled solution u\(t,x). Choose 
A ~ Ni 1 ' 8 )/ 3 so that E(lu x (0)) = 1/2. Let 

W = {t:E(Iu x (t))<^}. (5.3) 

W is closed by the dominated convergence theorem and nonempty since 
eW. To prove W = [0, A 2 T ], it suffices to prove W is open in [0, A 2 T ]. 
Suppose W = [0, T], then by continuity there exists 5 > such that 
E(Iu x (t)) < 1 on [0,T + 5]. 

Lemma 5.2 When s > 1/4, 

3 

W Iu ^\lI x ([o,t+8]xR) ^ 2 C °' ^ 5 ' 4 ' ) 

for some Co (To). 
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Proof: Let r = sup{T, € [0,T+<5] : ||Jua||°j j [0 ,r»]xR) ^ 3 C o}- If t < T + 5, 
there exists 5' > such that 

||/u A || 8 L ^ ([0ir+y]xR) <2C . (5.5) 
Recall E(Iu\(t)) < 1 on [0, r + 5'], 

II^IIl^l| ([ o^]xR) ^ (A^o) 1/16 ||/n A || LL([0iT+y]xR) < (A 2 T ) 1 /i6 (2Co) i/8. 

(5.6) 

Partition [0, r + <5'] into 

(A 2 r )V 3 (2C ) 2 / 3 

e 16/3 

subintervals such that 

\\ Iu *h?' 3 L*([0,T+5']xIl)^ € W 
on each subinterval. Then apply the almost Morawetz estimate, 



||(V)/«|| 



12 



5°(J fc xR) 



k 

<r , r (A 2 r )V3( 2Co) 2/3 AT^T 1 / 3 (2C ) 2 /3 3 

< C o + C e i6/ 3iV 2- < Co + C el6/3iY2 _ < 2 6 °' 

(5.8) 

when iV is sufficiently large, as long as §(^7^) < 2, or s > 1/4. This proves 
the lemma. □ 

Returning to the theorem, 

3 

II^Allisjp.T+flxR) ^ 2 C °' (59) 
H J «A|| L i6/3 L|([0jT+flxR) < A 1 / 8 ^ 1716 . 

Partition [0,T + <5] into < (A 2 T ) 1/3 subintervals. We will call these the little 
intervals. Take the union of the first N 1 / 2 ~ little subintervals, and call this 
big interval 

J\ — U J=1 Ji^. 

Take the union of the next N l l 2 ~ subintervals and call this big interval J2, 
and so on. 
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[0,T + 5}= [J J k = [J [J J Kl . (5.10) 

k=l k=l 1=1 

Lemma 5.3 Suppose E(Iu(t)) < 1 on 

sup -£(I^t 2 ))|<— L_. (5.11) 



Proof: By theorem (13.11) . 



sup |E(Ju(ti)) - E(/u(i 2 ))| < -L-||P >cW V/n||^ LSO(Jfe;xR) + _L 

(5.12) 



Afl/2 

E H p >^V/u|||j L?(JfcilxR) < ^II^V/uHi^^.R). 
z=i 

Let J fc = [a, 6], J fcjm = [a m ,6 m ], a m+ i = 6 m , ai = a, b^i/a- = &• On each 
little subinterval, perform the linear-nonlinear decomposition in theorem 12. 31 
The solution on [a m ,6 m ] is of the form 

e^- a ^ A u(a m )+u^(t). 

By induction, 

171 — 1 

e i{t - am)A u{a m ) = e itA u + ^ e^'^ufibj). (5.13) 

3=1 

||Ve^ a ) A /n(a)|| L 4 LS o (JfcXR) <l. (5.14) 

ATl/2- 

Y, l|Ve 4 ^ A /u(6 m )^|| L 4 Lgo(JfcXR) <l. (5.15) 

m=l 

Afi/2- 

E ll^(t)||^ WwxR) ^ (5-16) 
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Therefore, 

||VP >ciV /u|| L 4 i? , (JfcXR) < 1. 

Plugging this back in to (|5.1ip . 

Afl/2- 

£ sup \E(Iu( tl )) - E(Iu(t 2 ))\ < _L- + 
which proves the lemma. □ 

Returning to the theorem once again, if (A 2 !^) 1 / 3 << N 7 / A ~ , for i £ [0,T + 
(5], or if s > ^, 



£(/»«)) < i + C< A Y /3 = 1 + C W ^ T °' /3 < — , (5.17) 



for sufficiently large N, proving the theorem. We have to take N ~ T, 



. 1-s 



Since A ~ N » , and 



K*)l|tf*(R) = A'||«A(p)||jr»(R,)i 



sup ||u(i)||^ (R) <(1 + T)« 1+ . (5.18) 

<e[o,T] 



□ 
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